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Kinetic equation and collision operator

e Kinetic equation for f,(t,r,v)
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e Landau collision operator
» Landau (1937)
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» Rosenbluth, MacDonald, and Judd (1957)
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General moment expansion [Ji and Held 2006 2008 2009]
Irreducible Hermite polynomials [Chapman 1916 Enskog 1917 Grad 1963]

e Moment expansion: m!* (vs. M”“) are symmetric traceless fluid moments
fa(t,r,v) MZmlk P vs. fu(t,r,v) = f™ Z M (¢, r) - P
n!*(t,r) = ngm!’ = /dvfag“fa N5 (t,x) = n M = /dVPikaa

o p'*'s are orthonormal, irreducible, tensorial polynomials and form a complete set

| | 1
dV[A)]p[A)lk . mlk M _ 'l5 kn]p’ r)lk _ plk
/ 7 VIk
Pt = Plea) Ly () vs P =Pls )L (s)
= (harmonic tensor)(associated Laguerre polynomial)

n 2 : C -
M 3/2—“36_% (Maxwellian distribution) vs. fi* =
w3/ 203,

Ng g2
—e a
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Several low order moments (21 moments)

1
p!* = Pl(c)LL(c?) | Lt = L,il+2) n'* | fluid moment equation | indep.
PO =1 L) = n density (n) 1
L9=3—¢ 0 temperature (T') 1
Pl=c Li=1 0 flow velocity (V) 3
Li % — c? n'l heat flow (h 3
Ly =22 —2c*+2c¢* | n'? | heat w. heat flow (r) 3
P2 =cc — %I Li=1 n2Y viscosity () 5
L3=1-¢2 n?! heat viscosity (0) 5
f=fMinV, T} <1 + - < scalar moments
+opp't -h+op'?-r+--- < vector moments
+0.p°" -+ ogpt - @ + - -+ < rank-2 tensor moments
+ - ) < higher rank tensor momemnts
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Fluid equations and closures

Maxwellian moment (n,, V., T,) equations
(O O) dtna+naV-Va :O(dt = (9t—|—Va V)
(0,1) nadtT + 1,1,V -Vo+V-h,+VV, = Qua

(1,0) mgnedi Ve — 1o (E+Vy xB)+Vp, + V-7, =R,

[+2k

General moment equations Dn + Qbxn = Cn (n'* — v moment)

(1,1) dsh+Qbxh+Z(V-V)h+ Ih - (VV)+ 2(VV) - h+22VT
+1v. 7T—|—Z% T—a- 7r+V 6+ sVu? +VV 30
= C{yVei + C1yh + Clor + - - - (h heat flow)
(1,2) dir + Qb xr+ - =C{y Ve + C3yh + Coor + - -+ (r heat heat flow)
(2,0) dym + Qbxw + (V- V)w + 27 - (VV) + pW+:2Vh + V - 0"
= C3,m + C¢,0 + - - - (m viscosity)
(2,1) di@ + Qbxm + --- = CZym + C%0 + - - - (0 heat viscosity)
wherea= 2(E+V xB) —d;Vand W=VV + (VV)T - 2V . VI

Closures: express h,(nl!), m,(n?%), Q,, R, in terms of n,, V., T,
h, = _K/ﬁvHTe - K/(j_VJ_Te - /ie VT + BHTeVeiH + 5J_TeveiJ_ + BX TeVeix

Re = —o Ve = a1 Veir + axVeix = BV Te = BLViTe = fx Vi Te 5/ 14



Moments of the Landau collision operator

Yab ip 1, . 0 . 32G+,b B meg 1, . 3G_,b
2ma”/alVP (Ca)(?V [8V <fa ovov . 1+mb ov Ja ov

Rosenbluth potential G4 4(v) = /dv’fb(v’)|v — v/

e Exact collisional moments in the total velocity expansion [Ji and Held 2006]
| -
[P (sC (M PR, ) = du A

/vajp(sa)C(féw,féwMék PH(sy)) = b0 BRIMIF

e Small mass ratio approximation in the random velocity expansion [Ji and Held 2009]

/ dvPIP(c,)C (fMmk - P (c,), M) = o AP mlk
/dvpjp(ci)C(fy,fiMm?q'P”q(Ci)) = o;BI"*mlF

x  Assumed vy < vre and |V, — Vi| < vpe: not valid for runaway electrons
* Need to calculate the collisional moments for arbitrary relative flow velocity
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Exact collisional moments for arbitrary relative flow velocity:
Calculation steps

Change derivatives, 0G+(v—Vy)  0Gy

Integrate by parts to dlfFer?antlate each t?r‘n/; bof polynomial P/?(c,)
Change velocity variables [Schunk and Nagy 2000]

W, = Xbawa + XabW{) o Wq = U*(C* + XCLCT) U*_Q — UTa + UTI?
Wy = W, — W, W= viles txjer) T o7 = v+ vy
where X, = (1 + 07, /v7,) Y, Xoa =1 — Xab, Xa = UTa/VT0: X} = —VT8/VTa

M A== +1 +
/dv/dvf o |[v — v/ = NaMpV; /dc*/dcTW3/2W3/2|CT_X|

where x = (V, — V) /vy

Expand all ¢, and ¢, variables: involve multiple summations

e 2u+(n+1)/2)! (/)
3/2 72(n + 1)

Simplify all inner-products and symmetrizations

Perform c; integration using the Rosenbluth potentials [Ji and Held 2006]
Differentiate with respect to V; (x)

Final results involve only algebraic summations of G'}*(z) {x’ -" m

Perform c, integration using /dc* n AU

”‘“Ii} terms
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Examples: vector moments due to relative flow

A10,00 3vr(l+u)X E—xF' %pm

ab 47—ab,u 332 alta
ALLOO  _ 9y X [px+ (1+ p)a3X| B — NE}A% .

ab 47—ab,u 72 alta
720,00 _ 3VTVX | (3u+6X(1+ p)  2p I

ab 8Tab/,b xg 7

3u+6X(1+ _
— ( a 332< M) + 4X(1 + ,LL)) E, XbaXpa

Small mass ratio approximation for ab = ei:
pt=me/mi <1, X = (1+v3/v5) ' =1, 2 = |V, — Vo|/vre

3 E - E, N €T ]- A~
A;io 00 ~ 4ﬁ 2.1' XieNe r<d — XX;eNe
Tei X Tei
9 2 1 E, - E €T 3 A
ALLOO vrz(a®+ 1) XieNe v —— TX;e e
e AT x? 2Tei
3 9 2 9 — B
AR~ v [(—3 - —) E - (—2 + 4) E’] XieXielle =3 O(z?)
8Tei T T T
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Collision matrix element: Heat flux - heat flux

3/ X3/? E E
ALLIL N A P et el
ab 32,u7_ab ng OF 333 + Oe ZCQ
E E'
~a 11 11,11 11,11
—I—XX'na (AlE' E —I_Ale ﬁ)
g = BN (i g quplin) p
a 32U Tap
where X = X3, and x = x4 and
At = —2(94 17p)
Aot = (18 +34p) — 202 (44 6+ 15X2(1 + p) — 2X (11 + 14p))
+42* X (=2 4+ 3X) (1 + p)
At = 6(9+ 17p)
AT = 6(94+17p) — 422(9 + 17p) + 42t X (=16 — 220 4+ 21X (1 + 1))
—2429X2(1 + p)
Byl = 6(—14X)(2u—5X (14 p)) +122%(—14+ X)X (1 + p)
Bib = 1223 (1 4+ X)(2u — TX(1+ ) — 242t (=1 4+ X)X (1 + p)
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Collision matrix element: Viscosity - viscosity

where

20,20
Aab

20,20
AOE

20,20
AOe

20,20
AlE

20,20
Ale

20,20
ASp

20,20
A2e

3/ X3/?
32:u7_ab

57 E E’
~ A 20,20 200
+xx% - n204 (AlE — + Afe —)

/
20 (420,20 E 420,20 E
Ng OF E + Oe a4

/
—|_/\ ADD . 20 A20720£ —|_ A20,20£
XXXX @ N 2 3 2e

6(p+2X (14 p)) — 42*(2 4 3p)

(—6p — 12X (1 + p)) + 82" X (1 4 p)x°

—15(pu + 2X (1 + p)) + 62°(1 + 2p)

(156 + 30X (14 ) + 2% (4p + 2(=3 + 10X) (1 + p))
+224 (=2 +4X)(1 + p)

15(7p + 14X (1 + p)) — 3022

(=105 — 210X (1 + p)) + 2°(—40p — 140X (1 + p))
+t (=8 — 56X (1 + p)) — 162° X (1 + p)
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Momentum (1,0) moment due to relative flow:

Dreicer’s friction (1959)
10,00
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Heat flux (1,1) and viscosity (2,0) moments due to relative flow

11,00
Ag A2

1.0~ M
02|

o Exact - Exact

05 - — - SMA : -~ — - SMA

........ Braginskii il -------- Braginskii
X
1 3 Ty 5

-051 I
-0.1+
10 -02-

e Vector drives are proportional to x for x < 1 in Braginskii theory
— he = —Ke(x)VTo + B(x)T Ve (Where Vg =V, — V)
e Viscosity drive not considered in Braginskii (7w = 2nVV)

1 V. _
XX = XX — §x2l where x = — 7w =21n(x)VV +5(2)VieVie+ AM(x) Vi VT

UTe
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Collision matrix elements:

Heat flux - heat flux and viscosity - viscosity

11,11
Aei

05

Exact
- — -SMA
Braginskii

2.0

04

0.2

-04

-0.6

-0.8

- — -SMA
Braginskii

e Electron collision operator C.=Co+ ZAg

) 2v/2
AL —Tf ~ —0.566
) 2
C20:20 — —¥ ~ —0.849
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Summary and future work

e Formulas are implemented in Mathematica and verified against existing results

e Obtain closures in high collisionality

x  Check convergence with increasing the number of moments
e Investigate the behavior of closures low collisionality regimes

x  Parallel integral closures
e Consider magnetic field effects

* Inhomogeneous along the field line
«  Curvature effects (centrifugal force)

x  Modify perpendicular closures
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