Accurate numerical integral method for
computing drift-kinetic Rosenbluth potentials*

J. Andrew Spencer, Brett Adair, Eric D. Held, Jeong-Young Ji

Department of Physics

UtahStateUniversity

NIMROD team meeting, Oct 19, 2019, Fort Lauderdale, FL

*Work supported by DOE under grant nos. DE-FC02-08ER54973, DE-FG02-04ER54746, and DE-SC0018146.



NIMROD implements a
drift kinetic field operator*
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Finite element method discretizes pitch-angle
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¢/¢ integrals regularized by splitting technique*
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Analytic integral used for regularization
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Example of reqularized integrand using
numerical splitting technique
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Example of regularized integrand using
numerical splitting technique

Original Ky 5 (v = 0.99995) integrand Residual K7 5 (v = 0.99995) integrand
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Regularization improves accuracy

GLL basis, pd_xi = 10, v = 0.99973
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GLL basis, pd_xi = 30, 7 = 0.99973
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Collocation method discretizes speed

Let s = v/vpg, fo(s) = 6_32, and x = vy /v,

Z = ofo (8) Ly (s), Frp=> wiLy (s;) Fy (s5) Integrate over v € (0,1), 7 € (1,2),
: and v € (2, 00) seperately.
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Singular behavior at v=V'
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Response at low and high vbar
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Addressing vbar=1

Forv € (1,2)and v € (1,2), we need packing near v = 1:

1) Gauss-Chebyshev quadrature
1

fo= ==

Map nodes and weights from -1 —1 and 0 — 2.

2) Nonclassical Gaussian quadrature with weight function

1
1 -7

fo=

3) Nonclassical Gaussian quadrature with weight function
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Addressing high vbar

1) Use Gauss-Legendre quadrature for v € (2, max)-

2) Nonclassical Gaussian quadrature with weight function

fO = e_(q_}%f

3) Since this requires a separate quadrature scheme for each outer speed point, try to get
around this by using the i = 1 weight for all of them.

fO = €_<1_)371)2
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Convergence behavior

Max Normalized Error
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Convergence behavior

104 T LI I T T T T 1 T I T L 103 [ T LI I T IH I 1 LI I T T T -
—— G-L g 3
——~—— set EXP i 1
107 —O— EXP ] 108 b -
L) ( (7 §
o - | ]
0 ik .
B 10° W 3
I 3 | f
] N 10° =
€ ® | E
a1 E | 1
E 20k 3
b3 - =
t’é 10 g i .
= 107 F 3
108 107 [ —O0— G-L N
U"F —=—— setExP
| , f —O— EXP
L T . . . = h} E oo ] ] ] | ]
10 10 i T S
# of Quadrature Points # of Quadrature Points

Maximum error of contribution to G7’, ;, ; from Maximum error of contribution to G7’; ;, ; from

the integral over ¥ € (2,00) for like-species the integral over ¥ € (2,00) for ion-electron

collisions. collisions.

15/18



Convergence behavior

Max Normalized Error
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Conclusions

For v € (2,00), nonclassical Gaussian quadrature with fo = exp(— (7s;/x)* is most
accurate.

Too expensive, SO use fo = exp (— (7731/X)2> instead.

For v € (0,1) and v € (2,00), nonclassical Gaussian quadrature with fo =1/|1 — 7|
IS best.

Can accurately compute the moments.
Still very costly.
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Future work

Explore ways to further improve ¢&¢&’integration scheme:
- Regularize integrals at &' = £1
- Regularize off-diagonal cells near & = ¢’
Try different ¢ &’ quadrature scheme
- Romberg integration, or use adaptive integration software
Explore ways to analytically compute the couplings for s >>1 and s << 1.

- Expand the integrand in series using the parameter c=u +

@I|H

Implement preassigned node for continuity at boundary of the two
speed domains.

Test on the Spitzer thermalization and conduction problems. 18/18
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