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Fluid equations and closures

Maxwellian moment (n,, V,,T,) equations
(0,0) dtna + naV . Va =0 (dt = at -+ Va . V)
(0.1) 3nadi Ty +naT,V - Vo +V -h, + VV, i 7, = Q,
(1,0) mgnedi Ve — 1o (E+Vy xB)+Vp, + V-7, =R,
General moment equations Dn + Qbxn = Cn (n!* — v!*2*¥ moment)
(1,1) dsh+Qbxh+Z(V-V)h+ Ih-(VV)+ 2(VV) h+2VT
+%V-7r—|—%WT -7r—a-7r+V-0+%Vu02—|—VV:u30
= C{yVei + Clih + Cor + - - - (h heat flow)
(1,2) dir + Qb xr+ - = C{yVei + C3yh + Cyor + - -+ (r heat heat flow)
(2,0) dyw + Qbxw + (V- V)w + 27 - (VV) + pW+:Vh + V - u?
= C¢ym + C3,0 + - - - (7 viscosity)
(2,1) d;@ + Qbxmw + --- = CZymw + C%0 + - - - (0 heat viscosity)
wherea=2(E+V xB) —d;V and W=VV + (VV)T - 2V . V|

Closures: express h,(nl!), m,(n?%), Q,, R, in terms of n,, V., T,
h, = _K/ﬁvHTe - K/iVJ_Te - ﬁivxTe + BHTeVeiH + 5J_TeveiJ_ + BX TeVeix

Re = —aVei| — a1 Veil + axVeix — BV Te — b1V 1Te — BV Te
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General moment expansion[Ji and Held 2006 2008 2009]
Irreducible Hermite polynomials [Chapman 1916 Enskog 1917 Grad 1963]

e Moment expansion: m!* (vs. M”“) are symmetric traceless fluid moments

fa(t,r,v) = M Z m(t,r) - plt vs. fult,r,v) = f™ Z MIE (¢, x) - Pk
lk
Ut ) = mam! = / el s, (%) = naME = [ dvPllS,

o p'*'s are orthonormal, irreducible, tensorial polynomials and form a complete set

, 1
d jp ~lk lk — 58 ip Ak Lk
/ \48 M =6;0,kn"", P lep
pl = Plea)Ly TP () vs. PR =Pl(s,)Li TP (s2)

= (normalization)(harmonic tensor)(associated Laguerre polynomial)

na _ 2 . . . . na —g2
M= % __¢7% (Maxwellian distribution) vs. f* = —-% ¢ %
7'('3/21)3 71-3/2,03
Ta Ta
Cq = = , VTa = , VS. Sq =
UTqa UTq Mg UTq
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Moments of the Landau collision operator

Yab ip 0 . 1, . 82G_|_7b B meg 0 . 8G_,b
2mg /dVP (Ca)(?V lc?v (fa ovov G my ) Ov Ja ov
Rosenbluth potential G4 4(v) = /dv’fb(v’)|v —v/|F!

e Exact collisional moments in the total velocity expansion [Ji and Held 2006]

Jorn (e e o () o= (5
UTa UTaqa UTh

Small mass ratio approximation in the random velocity expansion [Ji and Held 2009]

/dVPjp<Ce)C (fév[mék : Plk(ce),fiM) = ajAgf’lkmlk

(&}

[avPre)o (2 fimpt pre)) = ogB

1

e Assumed vr; < vpe and |V, — Vi| < vpe: not valid for runaway electrons

e Need to calculate the collisional moments for arbitrary relative velocity

/vajp (V_V“>C(fé“m2’“-P”f< ) fimy . P (V_V”>>
UTa UTa UTb
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How to calculate exact collisional moments for arbitrary
relative velocity

L 0G4 (v —Vy) B 0G +
Change derivatives, v =9V,

Integrate by parts to differentiate each term of polynomial P7?(c,)
Change velocity variables [Schunk and Nagy 2000]

W, = XpaWo + Xap W), o Wa= Vi (Cx + XaCt) v*_2 — ’UTa + ng
Wi = W, — W Wy, =vi(Ctxpet) T v =g, g,
where X, = (1 + v%a/v%b)_l, Xpa =1 = Xap, Xa = V71a/VT8, Xb = —VUTb/VUTq
M + +
/dv/dvf i v —v'| —naan /dc*/dcTW3/2W3/2|cT—|—X|
where x = (V, — V) /vy

Expand all ¢, and ¢, variables: involve multiple summations

e~ S - 2u+ (n+1)/2]! {In/2}
/2 wl/2(n41)

Simplify all inner-products and symmetrizations

Perform c; integration using the Rosenbluth potentials in Ji and Held 2006
Differentiate with respect to V3, or x

Final results involve only algebraic summations of G'}”(z) {x? -" m'*I} terms

Perform c, integration using /dc* e
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Friction responding to V; — V,

Friction due to Vi-Ve
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Friction responding to heat flux (n'!)

Friction due to heat flux n"’'
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Work to be done soon

e Find bugs

e All explicit formulas are written in Mathematica code
e Replace the collision matrices and calculate closures (straightforward)
e High collisionality
e Modify Braginskii closures
e Low (general) collisionality

e Modify integral closures
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